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Outline — Camera Models

« Geometric Parameters of a Finite Camera

« Projective Camera Model
= Camera Center, Principal Plane, Axis Plane, Principal Point, Principal Ray
=  Decomposition of Camera Matrix

« Cameras at Infinity
« Other Camera Models (Pushbroom and Line Cameras)
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Pinhole Camera Model

‘Y

X
X
> 7
\ P AN
incipal axi
camera principal axis
centre image plane

+  Mapping between 3D world and 2D image (X, Y, Z)T > (X, y)T
« Central projection
*  Models are described in matrices with particular properties

3D Computer Vision Il - Camera Models 3



Computer Aided Medical Procedures | Technische Universitat Miinchen

Homogeneous Coordinates
‘Y
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Central Projection
‘Y

1y
x=PX P =diag(f,f,)[I10]
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Principal Point Offset
‘Y

Yol pe——> > 7 x
y ‘ cam -7
\ i X
I principal axis
e camera
P Xy centre image plane~_ ]
principal point

(perpendicular intersection point of
principal axis and image plane)

(X.Y.Z)' > (fX/Z+p,.fY/Z+p,)

where  (p,,DP,)"

are the coordinates of the principal point
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Principal Point Offset

_ (&)
(fX+Zp,\ [f p, O v
Y -I-ZZpX = f ply 8 . | pI :
\ ) I | yA Xcam
1 L
x =K[I110]X S
f P,
where K = £ P, Ir?] actaril)l(ed camera calibration
1
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Camera Rotation and Translation

Inhomogeneous

coordinates

~~/

X =R

cam

where

~~/

YC am

represents the point in
world coordinates

represents the same point in
camera coordinates

represents the coordinates of the camera
origin in the world coordinate frame
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Camera Rotation and Translation

YC am

Homogeneous
coordinates
X,X__€R* o _
/X ) '

R -RC]|Y| [R -RC

Xcam = C = C X "
0 1 V4 0 1

i 1)

X = K]|I |0]Xcam projection to image plane from camera coordinates

X = KR[I | —é]X projection to image plane from world coordinates
x =PX
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Extrinsic and Intrinsic Parameters

YC am

x =PX
where y Ty
~ projection matrix of a general
P = KR[I | _C] pinhole camera with 9 DOF
/ P,
K= f p, intrinsic camera parameters with 3 DOF
1

R 5 extrinsic camera parameters with each 3 DOF
>~ (camera orientation and position in world coordinates)
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Camera Rotation and Translation

YC am

No explicit
camera center

X =RX+t '
P=K|RIt]
-K|RI-RC|

where

t=-RC from X = KR[I | —(~3]X
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CCD Cameras — Non-Square Pixels

m._, my number of pixels per unit distance

[, 1/ Dy
K = m, /b,
] ]
a, )2
K = a, p, 4 DOF
]

P=KR[11-C] 10 DOF
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Skew Parameter

S  skew parameter

a, § P,
K = a, p, 5 DOF
|
_ C finite projective camera with
P =KR[I1-C] s pr
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a. s p.|. .
P = o R -RC projection matrix
= x Py 11 DOF (5+3+3)
. 0 1

- i{R[I ¢ |
\_Y_)
non-singular
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Finite Projective Camera — Decomposition of P

M = KR non-singular 3x3 matrix (8 DOF)
P =KR[I/1-C]
P=M[11-C]|
decompose projection matrix P in K,R,C
P=[M|p,] [K.R]=ROM)  C=-M"p,
\_Y_)
RQ matrix
decomposition
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Finite Projective Camera — Summary

P =KR[11-C]

3x4
) M[I | _(~j] where P&ER

- Camera matrices P are identical with the set of homogeneous 3x4
matrices for which the left 3x3 sub-matrix is non-singular

« {finite cameras}={PI| det M0} ={PI rank(M)=3}
« If rank(P)=3, but rank(M)<3, then camera at infinity

+ if rank(P)<8 the matrix mapping will be a line or a point and not a plane
(not a 2D image)
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Outline — Camera Models

« Geometric Parameters of a Finite Camera
« Projective Camera Model

= Camera Center, Principal Plane, Axis Plane, Principal Point, Principal Ray

=  Decomposition of Camera Matrix
« Cameras at Infinity
« Other Camera Models (Pushbroom and Line Cameras)
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Camera Anatomy

« Camera center Y
« Column vectors
- Principal plane /‘ X
« Axis plane

« Principal point C - 7

« Principal ray \ ’ \ principal axis

camera

centre image plane
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Camera Center

PC=0 P has a 1D null-space

we will prove that the 4-vector C is the camera center

X()L) = LA + (1 — )L)C points on a line through Aand C
x =PX =APA +(1-A)PC=APA since PC=0

All 3D points on the line are mapped on the same 2D image point, and
thus the line is a ray through the camera center

C\ (-M"
Finite cameras: C= ( i ] = ( | p4)
Infinite cameras: C = ,Md =0

0
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Column Vectors

p.€ER’i=1..4

~
-~
p -~
-
|
~
-
s

\ i
Column vectors are the image points which project the
axis directions (X,Y,Z) and the origin

Example for the |
otteyais  PJ=lp P p pJo 10 0]

p, isthe image of the world origin
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Row Vectors

pERYi=1..3

Represent geometrically particular world planes.

- . 17 7

Pun P P13z Pu
P=|p, Py Py Py pzT row vectors
P11 Pz P33 P "

[P1 P, DP; p4] column vectors
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Row Vectors of the Projection Matrix

P71 is defined by the camera center and the
line x=0 on the image.

P2 is defined by the camera center and the
line y=0 on the image.

- 'plT 1[ X
Example P? Ol = pzT r pzTX =()
T || £ T
_W_ P 1 p2 C=0

respectively for P’
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Principal Plane

Plane through camera center and A .
parallel to the image plane. ’

ey g 3 vy oo

o T X 0 V
X P

2T Y principal plane
Y1=|P

3T Z points X are imaged on the line at
_O_ p 1 infinity
if X is on the principle plane p3TX = ()

especially p>'C=0
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Principal Point

Line through camera center and A

perpendicular to principal plane is the <
. . __eX
principal axis. 4/

o X
> 7
\ : AN
\ principal axis
camera
centre Agc plane

l33=(p31 Py P 0)T normal direction to principal plane

Intersection of the principal axis
with the image plane is the
principal point.

principal point

X, = PP’ =Mm’ where P=[M|p, ]

T
and m3 third row of M
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Principal Axis Vector

Ambiguity that principal axis points
towards the front of the camera (positive
direction)

C

x=P_X_=K[1I0]X_  v=det(K)k®=(0,0,)

towards the front of the camera

4
P kP, VKV direction unaffected by scaling

P=kKR|II-C|=[MIp since det(R) >0
[ ] [ 4] V=det(1\/€[:)1(n3)>
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Forward Projection

Maps a point in space on the image plane P’ — P?

X =PX

Vanishing points D = (dT,Oj

x=PD=[M|p, p=Md

Only M affects the projection of vanishing points
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Back-Projection to Rays

Points on the reconstructed ray

PC =( cameracenter C

X=Px  P'=P'(PP")  pp*

(pseudo-inverse)

I
et

Ray is the line formed by those two points

X(L)=P*x +AC

T . . .
4\ intersection of the ray with the
D= ((M X) 0} plane at infinity

Ml(uf-m)JT
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Depth of Points +
Co— _ EJ
T T T [~ N< X.m3 ~
w=P'X=P"(X-C)=m" (X -C)
(PC=0) (dot product)
if detM > O;Hm3H =1,
then m3 unit vector pointing in positive axis direction
[ T
Suppose P(X,Y,Z,T) =w(x,y.))"  Then
sign(detM)w

depth(X; P)= THm3 H
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Depth of Points: Examples +
. sign(detM ))w
depth(X, P)= Hm3H P(X,Y,Zl)T _ w(x, y,I)T

X =PX X =PX
P=[110] P=R[1I-C]

depth(X;P) = Z depth(X; P) = R*' (X -C)
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Outline — Camera Models

« Geometric Parameters of a Finite Camera
« Projective Camera Model

= Camera Center, Principal Plane, Axis Plane, Principal Point, Principal Ray

=  Decomposition of Camera Matrix

« Cameras at Infinity
« Other Camera Models (Pushbroom and Line Cameras)
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Camera Matrix Decomposition

Finding the camera center C

PC=0
numerically: find right null-space by SVD of P
P3X4 _ U3X4D4X4v4X4T s P3X4v4x4 _ U3X4D4X4 s PV4 _ O

Algebraically:
X = det([pz,p3 P, ]] Y = —det([pl,pg ,p4:)
/= det([Pppz P4 :D I = _det([p19p29p3:)

where C=(X,7,Z,T)
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Camera Matrix Decomposition

Finding the camera center C

PC=0
Any plane 1T going through C will be a linear combination of the three
planes defined by the rows of P. Therefore:

det ([.717, p! ])= 0

= JT, d@t(P234) —JT, det(Pl34) + 7T, det(P124) — T, det(Pl23)

X =det([p,.ps.p,]) ¥ =-det((p,.ps.p. )
z =det((p.p.p.]) 7= -det((p,.p,.p, |

where C=(X,7,Z,T)
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Camera Matrix Decomposition

Finding the camera orientation and internal parameters

-ax S yO -
P=|MI-MC| = K|R I-RC] K={0 a x
0O 0 1
Decompose M = KR using RQ decomposition

1
A~~~

o R)'1="R-"[q]"

Ambiguity removed by enforcing positive diagonal entries
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When is Skew Non-zero?

@ 5 D / /<arctan(1ls)
K = O{x py \/ N
1 1 / Y

for CCD/CMQS, always s=0

Image from image, s#0 possible
(non coinciding principal axis)

resulting camera: HP
where H is a 3x3 homography
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Euclidean vs. Projective Spaces

General projective interpretation

[4 x 4 homography]

o o o

1 0 0
P = [3 x 3 homography] 0O 1 0
0 0 1

» Meaningful decomposition in K,R,t requires
Euclidean image and space

« Camera center is still valid in projective space

* Principal plane requires affine image and space

* Principal ray requires affine image and Euclidean space
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Outline — Camera Models

« Geometric Parameters of a Finite Camera
« Projective Camera Model
= Camera Center, Principal Plane, Axis Plane, Principal Point, Principal Ray

=  Decomposition of Camera Matrix

« Cameras at Infinity

« Other Camera Models (Pushbroom and Line Cameras)
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Cameras at Infinity

Cameras with their center lying at infinity
d
P 0 =0 =detM =0 Missingular

Two types of cameras at infinity:
Affine and non-affine cameras
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Affine Cameras

Definition:
An affine camera is a camera with a camera matrix P in which the
last row p3Tis of the form (0,0,0,1)T .

Py P Pz P

P=|p, Pn Py Dy
0 0 0 1

Points at infinity are mapped to points at infinity
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Parallel Projections

1 0 0 O
P,=10 1 0 0 canonical representation
0 0 O 1
K = [KM 0] calibration matrix
0 1

principal point is not defined
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Hierarchy of Affine Cameras

1 0 0 O]
P =(0 1 0 0| droppingthe z-coordinate
0O 0 0 1

orthographic projection

i
P =|r'" ¢ | (5dof)
0O 1
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Hierarchy of Affine Cameras

scaled orthographic projection

P, = k r'' 1, r'' (6dof)
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Hierarchy of Affine Cameras

weak perspective projection

oL, [
P = a, r'' | (7dof)
A
111 0 1 R
- 41 _ X

weak
perspective — 5

\ perspective

£ do
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Hierarchy of Affine Cameras

Affine camera

] AF_IT -
ol S r 4 - !
1 1 m, m, m;

T
P, = o r t| (8dof) Py=\my my my ot

0 0 0 1

1_ I 01 | full generality of an affine camera
1 0 0 O]

P, =[3x 3 affine][0 1 0 0|4 x4 affine]
00 0 I

o Affine camera is a projective camera with principal plane at infinity
o Affine camera maps parallel world lines to parallel image lines
o No center of projection, but direction of projection P,D=0
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General Camera at Infinity

P= [M | p4:| M is singular, but last row not zero

o Camera center is on plane at infinity
o Principal plane is not plane at infinity

o Images of points at infinity are in general not mapped to infinity
on the image plane
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Summary Camera Models

- Photometric and radiometric properties of a camera
- Geometric parameters of a finite camera

*  Projective cameras
— Camera anatomy (camera center, principle plane, principle point, and principle axis)
— Camera matrix decomposition (camera center, orientation, and intrinsic parameter

- Cameras at infinity
— Affine cameras
— Non-affine cameras
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Literature on Camera Models
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